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Abstract 

We say that a cyclotomic polynomial $ n (x) has order three if n is the product 
of three distinct primes, p < q < r. Let A(n) be the largest absolute value of 
a coefficient of and M(p) be the maximum of A(pqr). In 1968, Sister 

Marion Beiter conjectured that A{pqr) ^ In 2008, Yves Gallot and 

Pieter Moree showed that the conjecture is false for every p ^ 11, and they 
proposed the Corrected Beiter conjecture: A(pqr) ^ |p. Here we will give a 
proof of this conjecture. 



1. Introduction 

The nth cyclotomic polynomial is the monic polynomial whose roots are 
the primitive nth roots of unity and are all simple. It is defined by 



The degree of $ n is <f)(n), where is the Euler totient function. It is known 
that the coefficients q, where ^ i ^ (f>(ri), are all integers. 

Definition 1.1. 



For n < 105, A(ri) = 1. It was once conjectured that this would hold for 
all n, however A(105) = 2. Note that 105 is the smallest positive integer 
that is the product of three distinct odd primes. In fact, it is easy to prove 
that A(p) = 1 and A(pq) = 1 for distinct primes p, q. Besides, we have the 
following useful propositions. 
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Proposition 1.2. The nonzero coefficients of <& pg (x) alternate between +1 
and — 1. 

Proposition 1.3. Let p be a prime. 

If p | n, then $ pn (x) = $ n (x p ) ; so A(pn) = A{n). 

Ifp\n, then $ pn (x) = $ n (x p )/$ n (x). 

If n is odd, then $2n(x) = &n(— x), so A{2n) = A{n). 



Proof. See |9[ for details. □ 

By the proposition above, it suffices to consider squarefree values of n to 
determine A(n). For squarefree n, the number of distinct odd prime factors 
of n is the order of the cyclotomic polynomial $ n . Therefore the cyclotomic 
polynomials of order three are the first non-trivial case with respect to A(n). 
We also call them ternary cyclotomic polynomials. 

Assume p < q < r are odd primes, Bang ^ proved the bound A(pqr) ^ 
p— 1. This was improved by Beiter 0,0], who proved that A(pqr) ^ p— |_|J, 
and made the following conjecture. 

Conjecture 1.4 ((Beiter)). A(pqr) ^ E ^ L . 

Beiter proved her conjecture for p ^ 5 and also in case either q or r = ±1 
(mod p) [3]. If this conjecture holds, it is the strongest possible result of this 



form. This is because Moller [10(] indicated that for any prime p there are 
infinitely many pairs of primes q < r such that A(pqr) ^ Define 

M(p) = max{A(pqr) | p < q < r}, 

where the prime p is fixed, and q and r are arbitrary primes. Now with 
Moller's result, we can reformulate Beiter's conjecture. 

Conjecture 1.5. For p > 2, we have M(p) = 



However, Gallot and Moree [6] showed that Beiter's conjecture is false for 
every p ^ 11. Based on extensive numerical computations, they gave many 
counter-examples and proposed the Corrected Beiter conjecture. 

Conjecture 1.6 ((Corrected Beiter conjecture)). WehaveM(p) ^ |p. 

This is the strongest corrected version of Beiter's conjecture because they 
also proved that for any e > 0, — e) ^ M{p) ^ |p for every sufficiently 
large prime p. In this paper, we will give a proof of the Corrected Beiter 
conjecture. 
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2. Main theorem 



First we introduce some notation for the rest of the paper. Let p < q < r 
be odd primes. Let 



and 



$ pqr (x) 



i 



CiX , 



For i < or i > (j)(pqr) — (p — l)(g — l)(r — 1), m < or m > <p(pq) = 
(p — l)(g — 1), we set q = d m = 0. 

Notation 2.1. Vra G Z, let n be the unique integer such that ^ n ^ pq — 1 
and n = n (mod pg). 

Definition 2.2. For any n G Z, define a map 

X„:Z^{0,±1} 

by 



Xn{l) 







ifn + p + q^i + 1 > n + g or 
i + 1 ^n + p + g<n + gor 
n+p + g<n + g<i + l, 
ifn + p^i + 1 > n oi 
i + 1 ^ n + p < rT or 
n +p < n < i + 1, 
otherwise. 



It is easy to certify that the value of Xn(i) om y depends on n and i. That 
means for any n', %' G Z, n' = n (mod pg), z' = i (mod pg), we have 



With notation as above, now we recall some important results. For the 



details, we refer the reader to our previous paper [11 
Lemma 2.3. We have 



('i ^ d m )( mr (iy 
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Corollary 2.4. For any integer i, 

^ dmXmrji) = 0. 
m 

Corollary 2.5. We have 

Xr 



A(pqr) ^ max 



Remark 2.6. If g and r interchange, we will have similar arguments as 
above. 

By corollary 2.3, we know it is sufficient for estimating the upper bound 



Therefore we need to study 



of A(pqr) to consider max ijeZ YL m >i d m Xmr( 
the coefficients d m of $ pg . 

Notation 2.7. For any distinct primes p and q, let g* be the unique integer 
such that < q* < p and qq* = 1 (mod p). Let ~q~p be the unique integer 
such that < < p and q = % (mod p) . 



About the coefficients of Lam and Leung [8( showed 

Theorem 2.8 ((T.Y. Lam and K.H. Leung, 1996)). Let $ P9 (x) = E m d m a; m 
For ^ m ^ 4>{pq), we have 

(A) d m = 1 if and only if m = up + vq for some u G [0,p* — 1] and 

«e[o, 9 ;-i]; 

(B) d m = —1 if and only if m + pq = u'p + v'q for some v! G [p*, q — 1] 
and u' G [g*,p — 1]; 

(C) d m = otherwise. 

The numbers of terms of the former two kinds are, respectively, p*q* and 
(<? ~~ Pq)(p ~ Qp)> w tth difference 1 since (p — l)(g — 1) = {p* q — l)p + (q£ — l)q- 

About A(pqr), the best known general upper bound to date is due to 
Bartlomiej Bzd§ga p]. He gave the following important result 

Theorem 2.9 ((Bartlomiej Bzd§ga, 2008)). Set 

a = min{g*,r*,p-g*,p-r*} 

and < (3 < p satisfying af3qr = 1 (mod p). Put (3* = min{/?,p — /?}. Then 
we have 

A(pqr) < min{2a + @*,p - /?*}. 
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Now we can prove our main theorem. 

Theorem 2.10 ((Corrected Beiter conjecture)). Assume p < q < r are 
odd primes. Let $ pgr (x) = £V CiX 1 and A{pqr) = max{|cj|,0 ^ i ^ (f>(pqr)}. 
Then we have A{pqr) ^ |p. 

Proof. Suppose A(pqr) > |p, we will show that this is a contradiction. Let 
us first assume 

Kp-q;^r;<p-r;^q;^p-l. (2.1) 

By Remark 1, we can observe that the proof is similar for the other cases. 
According to Theorem 2.5, it follows a = p — q*, (5 = p — r* and (3* = r*. 
Since A (pqr) > |p, so we easily get 

(3* < l -p. (2.2) 
By Corollary 2.3, we know there exist a pair of integers i, j such that 



> gP- (2.3) 



By Theorem 2.4, we can divide the nonzero terms of & pq (x) into p classes 
depending on the value of v or v' . From the definition of Xn, we can simply 
verify that for any given class, there is at most one term such that Xmrif) = 1- 
For the case Xmr = — 1, we have the similar result. 

Since (up + vq)r + p = (-up + (i> — r*)q)r + p + q (mod pg), it follows 

Xmr{i) = "I X(m-r*q)r(i) = 1. (2.4) 

We claim that 

2_^ d mXmr(i) < (2.5) 

By (2.3), we know J2 m ^j d mXmr(i) > \p or Y, m ^j dmXmr(i) < ~%V- However 
the number of the classes of d m — — 1 is just p — q*, hence 



X d m Xmr{i) < L^pJ- 



mjy',d m =-l 
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If the former holds, then 

^ d mXmr(i) > Lg 



d m Xmri.i) > + 1 (2.6) 



Thus there must exist u G [0,p* — 1] and v G [0,g* — 1 — |_§P_|] sucn that 
X(«p+«5)r(«) = !■ % (2-4), we have X(u P +(v+r;) q )r(i) = -1 and v + r* e 
[0) Qp ~ !]■ Hence rf U p+^X( U p+i)q)r-(0 + ^up+(u+r*)gX(t*p+(i;+r*)g)r(*) = 0) their 
contributions to the left side of (2.6) are zero. This is a contradiction, so we 
establish our claim. 

With the arguments above, now we can give the following definition. For 
any class v , v G [0, q* — 1], if there exist u±, u 2 G [0,p* — 1] such that U\p+vq ^ 
j > m 2 P + vq, X(u lP +v q )r(i) = -1 and X(u 2P +vq)r(i) = 1, then we say it is a 
special class. If there exists either u\ or -u 2 satisfying the above conditions, 
we say it is a plain class. If there exists neither u\ nor u 2 satisfying the above 
conditions, we say it is a null class. Similarly for any class v', v' G [q*p — 1], 
if there exist u[, u' 2 G \p*, q — l] such that u[p + v'q — pq^j> u' 2 p + v'q — pq, 
X(u' lP +v'q-pq)r(i) = 1 and X{u' 2 p+v' q -pq)S) = -I, then we say it is a special 
class. If there exists either u[ or u' 2 satisfying the above conditions, we say 
it is a plain class. If there exists neither u[ nor u 2 satisfying the above 
conditions, we say it is a null class. Let S, P and TV denote the sets of the 
special classes, the plain classes and the null classes respectively. 

By Corollary 2.2 and (2.3), we immediately obtain 



^ ^ dmXmrii) 
m<j 



> gP- (2-7) 



By (2.3) and (2.7), it is easy to verify that 

\S\ - \N\ > l -p. (2.8) 

The number of the classes v' , v' G [q*, p — 1] is just p — q*, so there must exist 
at least one v, v G [0, q* — 1] such that v G S. Let v be the largest value of 
v G [0, q* — 1] such that v G S. Next we will consider three cases according 
to the value of vq and derive a contradiction to (2.8) to complete the proof. 

Case 1. q* - r* < v ^ q* - 1 

First we claim that for any class v , v G [0, q* — 1], if i> G 5, then f — r* + l ^ 
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Obviously we only need to show the first inequality. Suppose ^ v ^ 
v o — r* and v G S. By the definition of the special class, we know there exist 
U2,u 3 G [0,p* — 1] such that 

U 2 P + V q < j, X(u 2 p+v q)r(i) = 1 

and 

U 3 p + Vq^ j, X(u 3P +vq)r(i) = ~1- 

This yields 

u 3 p + vq> u 2 p + v q, 

hence 

(u 3 - u 2 )p > (v - v)q ^ r*q. 

On the other hand, 

(«3 - M 2)P ^ (P* q ~ l)p =(P~ q* p )q ~ V + 1 < r*q - p + 1. 

The equality holds because (p — l)(g — 1) = (p* — l)p + (q* — \)q. Therefore 
we derive a contradiction and prove our claim. 

Now we consider the classes v', v' G [q*,p— 1]. Since t> & S, v[ = v +r* 
S. If not, then there exists u 2 G [p* q ,q — 1] such that X(u' 2 p+(v +r*)q-pq)r(i) — 
— 1. By (2.4), we get X((u2-g)p+uo9)r(*) = 1- On ^ ne other hand, there exists 
«2 G [0,p* — 1] such that X^p+wkW = 1- By the definition of Xn, we have 
g | (u 2 — u 2 ), however it is impossible. 

Suppose q* ^ v 2 ^ v o + r* — 1 and G 5. Similarly we know v 2 — r* G 
N - ?"* + l,^o], but v 2 - r* S. Moreover, if v' 2 - r* G N, then the 
contributions of these two classes to the left side of (2.8) are zero, thus we 
can ignore them. If v' 2 — r* G P, then we say the class v 2 is a valid special 
class. Let S denote the set of the valid special classes. 

Suppose t> +r* + l ^ v 3 < p — 1 and v 3 G So- We claim that 2v +r* — v' 3 G 
[vo -r* + l, v ] and 2v + r*-v' 3 <£S. 

Since t> G 5, there exist u±,u 2 G [0,p* — 1] such that U\p + fog ^ j > 
u 2 p + v q, X{u iP +v oq )r{i) = -1 and X(u 2 p+v oq )r(i) = 1. This implies that 

+ w g)r + p + ^ = (u 2 p + w g)r + p + q (2.9) 

or 

(uip + v q)r + p- (p-%) = (u 2 p + v q)r + p + q. (2.10) 
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Since v 3 G S, there exist u 3 , u' 4 G \p*, q — 1] such that u' 3 p + v' 3 q — pq ^ j > 
u' 4 p + v' 3 q-pq, X{u' 3 p+v' z q- Pq )r{i) = 1 and X(u' 4 p+v' 3 q- P g)r(}) = -!■ Thi s implies 
that 

(u' 3 p + v' 3 q - pq)r +p + q-% = (u' 4 p + v' 3 q - pq)r + p (2.11) 

or 

+ v 3<i - pv) r + p + q + (p-%) = «p + - p?) r + p- ( 2 - 12 ) 

If (2.9) and (2.11) hold simultaneously, then we get 

(ui + u' 3 )pr = (u 2 + u' 4 )pr. 

Hence 

q | («i + M3 - m 2 - U4). 

This is impossible. Similarly (2.10) and (2.12) can not hold simultaneously 
either, so without loss of generality we assume (2.10) and (2.11) are correct. 
By (2.4), we have X(u' 4 p+v' 3 q-pq-r*q)r{i) — 1- Because v 3 G So, we know there 
exists w 5 G [0,p*-l] such that u 5 p+(v' 3 -r*)q ^ j and X(u 5P +(v' 3 -r;) q )r(i) = -1. 
Hence 

(u 5 p + (v' 3 - r*)q)r + p + q^ = (« - q)p + (v' 3 - r*)q)r +p + q (2.13) 

or 

(u 5 p + (v' 3 - r*)q)r + p- (p-%) = ((u' 4 - q)p + (v' 3 - r*)q)r + p + q. 

(2.14) 

If (2.14) holds, by (2.10) we get 

(u 5 - ui)pr = (u 4 - q- u 2 )pr. 

Hence 

q I («5 + u 2 - ui - u 4 ). (2.15) 

On the other hand, by 

u 5 p + (v 3 - r* p )q ^ j > u' 4 p + v' 3 q - pq 

we have 

> (u 5 -u' 4 )p > (r* 
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Note that 

> (u 2 - ui)p ^ -(p* - l)p = -(p - q*)q + p - 1 > -r*g + p - 1, 
so we can get 

> (u 5 + u 2 - u\ - u' 4 )p > —pq +p—l. 

This contradicts (2.15) and establishes the validity of (2.13). 

Now if 2v + r* — v' 3 G S, then there exist w 7 , u$ G [0,p* — 1] such that 
u 7 p+(2v + r*-v' 3 )q ^ j > u 8 p+ (2u Q + r* X(u 7P +(2v +r;-v' 3 ) q )r(i) = -1 

and X(«ap+(2wo+r*-«i)9)r(*) = !■ % ( 2 -!0), we have 



(u 7 p + (2w + r* - W3)g)r + p — (p — g p ) = (u 8 p + (2v + r * - v' 3 )q)r + p + q. 

(2.16) 

We recall that q p ^ and refer the reader to the proof of the main 
result in ll|. Combining (2.10), (2.13) and (2.16) yields 



((u' 4 - q)p + (v 3 - r*)q)r + p + q + (u s p + (2v + r* - v' 3 )q)r + p + q 



=2((u 2 p + v q)r +p + q) 
Hence 



q\u' 4 + u s -2u 2 . (2.17) 

Moreover, we have u 7 > u 2 because u 7 p + (2v + r * — v' 3 )q ^ j > u 2 p + v^q 
and 2vq + r* — v' 3 < t> . It follows 

u'^ - u 2 > Ui - u 2 = u 7 - Us > u 2 - u$. 

The equality is easily obtained by (2.10) and (2.16). Therefore 

u' 4 + u s - 2u 2 = q, 

and 

2(q - u' 4 ) = 2(u 8 - 2u 2 ) ^ 2(p* - 1). (2.18) 
On the other hand, by (2.11) and (2.13) we get 

q | u 3 + W5 — 2u' 4 . 

In view of the ranges of u' 3 , u 4 and u 5 , we certainly have 

u' 3 + m 5 — 2u 4 = 0, 
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and 

2(q - u' A ) > q + u' 3 - 2u' 4 = q - u 5 ^ q - p* + 1. (2.19) 
By (2.18) and (2.19), we get 

p* q - 1 > \<i- 

Since q* > |p, it is a contradiction, so we prove our claim. 

Finally, we need to show that if 2(t>o + r*) — 1> 3 G [g*,t>o + r* — 1], then t> 3 G 
So and 2(vo+r*)— 1> 3 G 5*0 can not hold simultaneously. Otherwise, there exist 
e [p;,?-1] such that «5P+( 2 ( u o+^)-U3)g-pg ^ j > w 6 p+(2(v +r;)- 

V 3)Q—PQ, X(u' 5 p+(2(v +r;)-v' 3 )q-pq)r(V = 1 an d X(^p+(2(v +r*)-u^)g-pg)r(*) = — 1- 

By (2.4), we have 

X(u' 6 p+(2v +r*-v' 3 )q-pq)r{i) = 1- 

Because 2(t> + r*) — i> 3 G S , we know there exists Ug G [0,p* — 1] such that 
w 9 p + (2w + r* - w 3 )g > j and 

X(ugp+(2v +r*-v' 3 )q)r(i) = ~ 1- 

Hence it follows 



(w 9 p + (2-y + r* - w 3 )g)r + p + g p = ((tig - q)p + (2i; + r* - w 3 )g)r + p + q. 

(2.20) 

Combining (2.10), (2.13) and (2.20) yields 



((u 4 - q)p + (ug - r*)g)r + p + g + (u 9 p + (2-y + r * - v' 3 )q)r + p 
—(uip + v q)r + p+ (u 2 p + v q)r + p + q 
Hence 

9 I u'a + u 9 - ui - u 2 . (2-21) 
Moreover Ug > u 2 and u 4 > U\, so 

U 4 + Ug - Mi - M 2 = 9, 

and 

2(g - u' 4 ) = 2{ug - Ul - u 2 ) ^ 2(p* q - 1). (2.22) 

By (2.19) and (2.22), we get a contradiction and establish the claim. Now 
combining our arguments above shows that 

\s\ - \n\ ^ r ;< l - P . 
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This contradicts (2.8) and completes the proof. In the remaining two cases, 
the methods which will be used are similar to the present case, so we will 
introduce our ideas and omit the straightforward details. 

Case 2. r* p ^ v ^ q* p - r* p - 1 

First we know for any class v, v G [0, q* — 1], if v G S, then v — r * + 1 < 

Suppose v — r* + l < v 1 < 2v +r* — q* and ^ G S. Then 2w — ^i+r* ^ q* 
and 2w - i>i + r* £ S . 

For any class i>2, 2t> + r * — g* + 1 ^ t> 2 ^ t>o — 1, we consider the 
class 2vo — V2- Obviously, 2t> — i>2 ^ S. If 2t> — t>2 G P, then the class 
2f — 1>2 + r* G iV or 2t> — v 2 — r* G iV. Combining the arguments above, we 
get 

|Sl-|iV| ^max{r;,p-g; + l}. 
By (2.8), it follows \S\ - \N\ = p - q* p + 1, so 

p-q* P = r* = ' u o = r P- ( 2 - 23 ) 

If 1 < ^3 ^ Vq — 1 and -u 3 G 5, then t> 3 — r* + p G [q* + l,p — 1] and 
f 3 — r p + P ^ 5. Thus we have 

\S\=p-q; + l,\N\=0. (2.24) 

We claim that for any class t> 4 , v ^ t> 4 ^ g* — 1, there must exist U\ G 
[0,p* — 1] such that uip + v^q ^ j and X(u 1 p+v 4 q)r(i) — ~ 1- Obviously it holds 
for the classes t> and g* — 1. If it is not correct for a class t> 4 G [t> + 1, g* — 2], 
then for the class t> 4 — r*, by (2.4), there does not exist u A G [0,p* — 1] such 
that u 4 p + (v 4 - r*)q < j and X{u AP +(v A -r*) q )r{i) = 1- Therefore v A -r* p £ S, 
v 4 — r * G P. Then there exists M3 G [0, p* — 1] such that u 3 p + (t> 4 — r*)g ^ j 
and X{u 3 p+(v4-r*)q)r(i) = — 1- It is n °t difficult to obtain that v± — 2r*+p ^ 5". 
This implies j^l < p — q*. It contradicts (2.24) and establishes the claim. 

By (2.24), we know g* G S . Similar to the arguments in case 1, we can 
get 2t> + r* — q* = r* — 1 ^ S. Thus p — 1 G S. Moreover, by the previous 
claim, we know p — 1 G So- In fact, for any v[ G [g* + l,p — 2], we have v[ G So- 
Otherwise, v[ G P, then v' x + r p — p E S and 2t> + r* — t> x ^ S. This implies 
the class 2t> — i> i + p G S*. However, t> [ + r* — p G S and 2t> — v [ + p G S 
can not hold simultaneously. 



11 



With the arguments above, we know there exist u\,u' 2 G [p* q ,q — 1] such 
that X(u' lP +(p-i)q-pq)r(}) = 1 and X(u' 2 p+(p-i)q- P q)r(}) = -1- By (2.11), we get 

(u[p + (p — l)q — pq)r + p + q — %> = (u' 2 p + (p — l)q — pq)r + p. (2.25) 

By (2.4), we have X((u> 2 - q ) P +2r; q )r(i) = 1 and X(u' lP +(r;-i)?)r(i) = ~ l - By the 
claim above, we know there exist u$, u$ G [0,p* — 1] such that X(u S p+2r*q)r(i) — 
-1 and X(u8P+(rj-i)?)r(i) = 1- By (2.13), we get 

(u n p + 2r;q)r + p + % = ((u' 2 - q)p + 2r;q)r + p + q, (2.26) 

and 

(u[p + (r* - l)q)r + p + % = (u s p + (r* - l)q)r + p + q. (2.27) 
Combining (2.25), (2.26) and (2.27) yields 

(u 5 p + 2r*q)r + p + 3q^= (u s p + (r* - l)q)r + p + q. (2.28) 
We also have X{u 8 p+(2r*-i)q)r(i) — ~ 1- It follows 

(w 8 p + (r* - l)g)r + p + g = (w 8 p + (2r* - l)g)r + p, 
hence we have 

(w 5 p + 2r* p q)r + p + 3% = (w 8 p + (2r* - l)q)r + p. (2.29) 

Since v = r* e 5, there exists tig G [0,p* — 1] such that X(u 9 p+r*q)r(i) — ~ 1- 
Thus by (2.29), we have 

(w 9 p + r*g)r + p = (*u 5 p + 2r*g)r + p + 3r*cfo. (2.30) 

On the other hand, X{u s p+r*q)r(i) — 1- By (2.10), we have 

(■u 9 p + r*g)r + p - (p — q£) — (u 5 p + r*q)r + p + q. (2.31) 

(2.30) and (2.31) yields 

(u 9 p + r*q)r + p= (u 9 p + r*q)r + p - (p — q£) + 3r*^ (2.32) 

Note that p = 3r* + 1. Hence (2.32) means that q^ — 1, but it is impossible. 
Therefore we get a contradiction and complete the proof of the present case. 
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Case 3. ^ v ^ r* - 1 

Suppose v G [0,Vq] and v E S, then we have t> — r* + p $C p — 1. If 
v — r* + p ^ q* then v — r* + p S. Therefore we have 

\S\ <r*< -p. 

This contradicts (2.8) and completes the proof of the theorem. □ 
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